The addition of an apertured mirror before the imaging lens is proposed as a method of providing feedback in a single-axis resonant fiber scanner. Reflection at the scan extremities generates timing signals interlaced with back-scattered data, and a phase locked loop and a proportional controller then adjust the drive frequency and amplitude. The capture range and stability of the system are examined. Verification is obtained using a confocal scanner based on mechanically biaxial fiber.
Introduction
Since the development of micro-electro-mechanical systems technology, there has been interest in scanning systems based on moving optical components. The most common are based on mirrors [1], lenses [2] and diffraction gratings [3] , and their applications include displays [4] , bar-code scanners [5] and microscopes [6] , especially for biomedical imaging [7] . It is simple to provide the feedback needed for closed-loop control, using capacitive, piezoelectric or optical sensing; however, additional optics is required for data collection.
Alternative systems are based on single-mode fibers that are mechanically scanned before an imaging lens to create a 1-D scan or a 2-D pattern such as a Lissajous . Confocal detection may be implemented easily, by coupling the scattering from the target back into the fiber. The signal may be increased by illuminating the target using a beam from core and collecting the scattering in the cladding [9] . Unfortunately, performance is often poor. Crosscoupled non-linear oscillations may be excited in a fiber with equal principal second moments, leading to elliptical scans when only a linear scan is desired [13] , and uncertainty in the origin of the data. Although controllers have been developed, the focus has been on countering non-linearity, using feedback from the scan pattern itself [14] .
Undesirable dynamical effects can be minimised using fibers with non-degenerate resonances. Suitable results can be achieved using standard fiber with an etched cladding [15] ; alternatives include polarization-preserving fibers [16] . However, even then, there may be unknown phase shifts between the drive and response away from resonance. Consequently, there is a need for simple position sensors. The aim of this paper is to investigate the use of intermittent reflection to provide feedback for phase and amplitude tuning. All that is required is the addition of an apertured reflector before the imaging lens, making the approach simple to implement. The system is introduced in Section 2, and a model of the controller in Section 3. Experimental results are presented in Section 4 and conclusions are drawn in Section 5.
Scanner design
Figure 1(a) shows a dual numerical aperture (NA) confocal resonant fiber scanner [9] . Light from a laser diode is butt-coupled into a fiber, using a mode stripper to eliminate cladding modes. The free end of the fiber is placed close to a gradient index (GRIN) lens, which forms a magnified image of the guided mode. Near its free end, the fiber is mounted on a piezoelectric transducer, forming a short cantilever. The transducer is driven with a sinusoidal voltage v(t) from a control PC so that the cantilever is resonant and a scan line is formed. Light is scattered from a target in the image plane, and diffuse light passes back through the lens to form an image at the fiber tip. The return is coupled back into the fiber, with low and high NA components in the core and cladding respectively. Cladding modes are coupled into a photodiode between the fiber and the transducer. Assuming the fiber mode has a numerical aperture N F , and that collection is limited by the numerical aperture N L of the lens, the power gain over a single-NA system with a beam-splitter is G = 4 (NA L 2 -NA To maximise the response, the drive frequency f should match the lowest order resonant frequency f 01 of the cantilever. At resonance, the response y(t) should then vary sinusoidally, but lag in phase by 90° as shown in Fig. 1(b) . However, if the scan amplitude y 0 is greater than the radius y L of the lens, light will be reflected into the cladding by a mirror M at the scan extremities. The detected signal d(t) will consist of periodic repetitions of the target return, interlaced with timing pulses. However, if the drive is off-resonance there will be a phase shift between the ideal and actual response, and an error in the scan amplitude, leading to uncertainty in the origin and the size scale of the data. These aspects require active control.
A controller to lock the drive frequency and voltage can be developed as shown in Fig.  1 (c). Two loops are shown; these operate sequentially. The frequency loop operates first. Measurement of the rise and fall-times t r and t f from a single pulse allows the pulse position to be estimated as t Z = (t f + t r )/2, and the deviation of t Z from the zero-crossing point t ZS of the drive is used to iterate the frequency in a discrete-time control loop. The voltage loop operates second. Measurement of t f and t r allows the pulse width to be estimated as Δt = (t f -t r ), and the deviation of Δt from a set value Δt S is then used to iterate the voltage. In each case, the loops are assumed to operate slowly enough that steady-state analysis may be used to estimate the system response; however it is likely that much faster operation can be achieved.
Controller design
A vibrating cantilever is of course a distributed resonant system, with a set of distinct resonant modes. Standard theory gives the angular resonant frequency ω 0n of the n th mode as:
Here L, A and I are the length, cross-sectional area and second moment of area of the fiber, and ρ and E are the density and Young's modulus. α n is a numerical constant from the dynamic beam-bending equation. For a cylindrical cross-section, I = πr 4 /4, and α 1 = 3.516 and α 2 = 22.034 for the 1st and 2nd modes, giving a ratio 6.27 between ω 02 and ω 01 . For (say) a length L = 25 mm of 125 μm diameter silica fiber (ρ ≈2200 kg/m 3 ; E ≈73.1 x 10 9 N/m 2 ), we obtain f 01 = ω 01 /2π ≈160 Hz and f 02 ≈1 kHz. The primary resonance is low enough for computation during iteration. To good approximation, the response near f 01 can be modelled as that of a mass-spring-damper system. The complex amplitude y 0 at angular frequency ω is:
Here v 0 is the drive voltage of the excitation system, C is a scaling coefficient, and ζ is the damping coefficient. Maximum amplitude y Max = v 0 C/2ζω 01 2 is obtained at resonance. 
Exactly at resonance, the phase passes through the set point φ S = -π/2. Near this point, φ varies quasi-linearly with Δω, following the approximate relation:
This relationship is plotted as a dashed line; clearly, it is a reasonable approximation over a small frequency range but deviates considerably outside this range. To analyse the voltage loop, we consider the time response after the frequency loop has converged to resonance. For a more general voltage amplitude v, the response is y(t) = (v/v 0 ) y max sin(ωt). Shifting the time origin to a response peak, we obtain y(τ) = (v/v 0 ) y max cos(ωτ) where ωτ = ωt -π/2. The amplitude therefore reaches y L (so a feedback pulse edge is generated) when (v/v 0 ) y max cos(ωτ) = y L . This observation allows the voltage to be related to the phase difference Δφ = ωτ between the zero crossing of the drive and the pulse edge as:
Here a = v 0 (y L /y Max ). Equations (4) and (5) are key to the operation of the two loops. A feedback signal is only obtained if |y 0 | > y L , so that the normalised peak amplitude |y 0 /y Max | must lie above a defined level (taken arbitrarily as 0.5 in Fig. 2(a) ). This requires 
For low damping, a useful response will only be obtained close to resonance. Assuming that ω = ω 01 -Δω once again, we can extract the capture range Δω C as:
The capture range is clearly zero (so the algorithm fails) for y max /y L ≤ 1, then rises rapidly, and finally tends to the straight-line asymptote Δf C /f 01 = ζy max /y L . For a system with y max /y L = 2 (say), Δf C /f 01 = 0.0173. This value is very small, indicating that the system must be close to resonance prior to operation of the frequency control loop. We now consider the frequency iteration algorithm, which has the form:
Here k ω is a feedback gain for angular frequency. Subtracting ω 01 from both sides and substituting for φ n -φ S using (3) we then get:
Here α = k ω /ζω 0 . Hence, iteration from general starting condition Δω 0 must follow Δω n = Δω 0 (1 -α) n . This evolution depends on the value of α. If it is small, Δω n ≈Δω 0 exp(-nα) and the error declines exponentially. If α is greater than 1, Δω n will change sign at each iteration, but still converge to zero if α < 2. Conversely, if α > 2, the oscillations will grow. A similar calculation can be performed, assuming that Δω 0 is so large that the approximation (4) is no longer valid. To illustrate the difference, Fig. 3(a) shows the theoretical variation of Δf n /Δf 0 with n for an initial frequency error Δf 0 /Δf C = 0.0625, a damping factor ζ = 0.005, a scan amplitude y max /y L = 2 and α-values of 0.5, 1.0, 1.5, 2.0 and 2.5. Here, the initial error is a small fraction of the capture range and the approximation is accurate. For low α, convergence is approximately exponential, but for high α diverging oscillations occur. In Fig. 3(b) , Δf 0 /Δf C is raised to 0.5, and (4) is breaking down. Again, for low α, convergence is approximately exponential, but for high α, limit cycle oscillations now occur.
Finally, we consider the voltage control loop. Assuming that the frequency loop has forced the system into resonance, the voltage iteration algorithm has the form:
Substituting using (5) then gives:
Here v S = a/cos(Δφ S ) is a set-point voltage that may easily be calculated. Defining the voltage error Δv n as Δv n = v n -v S , we obtain:
Here β = k v /a. Iteration from a starting condition Δv 0 must then follow Δv n = Δv 0 (1 -β) n , so the voltage error will decline exponentially provided β is small, oscillations will occur if β > 1, and instability if β > 2. However, smaller values of β must generally be used, to avoid loss of feedback at low scan amplitude. Figure 3(c) shows the theoretical variation of Δv n /Δv 0 with n, for β-values of 0.5, 1.0 and 1.5. For low β, convergence is exponential; for high β, oscillations occur. The lower plots show comparative experimental results; these will be discussed later. 
Experimental verification
Experiments were carried out using the breadboard scanner in Figs. 4(a) and 4(b) . The source was a 635 nm wavelength laser diode coupled to a fiber with a cantilever length of 25 mm. To avoid degenerate resonances, this fiber was bow-tie type [15] , with the cross-section in the inset to Fig. 4(b) . The transducer was a piezoelectric diaphragm. The detector was a surfacemount PIN photodiode with a transimpedance amplifier. The lens was a 1.8 mm diameter, 0.23-pitch AR-coated GRIN lens. The aperture mirror was a 1.5 mm wide slot in 75 μm thick photoetched steel. The fiber and lens were mounted on an x-y-z stage, and the mirror was attached to the lens mount. The drive signal was generated using a sound card and sampled at 44.1 kS/sec. The controller was implemented in MATLAB; data was acquired over a number of cycles, the pulse edges extracted, and the controller used to apply new scan parameters.
The mechanical response of the fiber was characterised by observing scan patterns in a far-field plane. In general, the pattern was elliptical and oblique. However, linear scans could be obtained by rotating the fiber to angles when the vertical direction coincided with a principal axis. The fiber was then rotated through 45°, so that the two modes could be excited simultaneously. The length of the resulting elliptical scan was then measured in directions at ± 45° to the vertical, allowing the frequency responses of both modes to be measured. Figure  5(a) shows the result. The resonant frequencies differ by ≈2.5%, implying a difference in principal second moment of ≈5%. The responses overlap, and there is evidence of non-linear coupling. Despite this, linear scans were obtained when the fiber was aligned correctly.
The fiber was then rotated to force excitation of the high-frequency mode and glued in place. Figure 5(b) shows the frequency response of the linear scan thus obtained, on an expanded scale. The 1st and 2nd resonances can be seen, differing in frequency by the theoretical ratio 6.27. Figure 5 (c) shows more detailed response characteristics near the primary resonance (≈162.5 Hz), matched to the theory of Eq. (2). The voltage response and damping factor ζ = 0.005 were then used to estimate the value of α. Closed loop responses were obtained from a bar-code target ≈1 mm from the lens. Figure  6 (a) shows time variations in the drive and signal at resonance, assuming that y max /y L = 2. The feedback pulse heights are unequal, due to a tilt in mirror M. Similar effects -unequal pulse widths -are caused by transverse misalignment. Figures 6(b) and 6(c) show drive and return signals at the start and end of the control loop, with the system properly set up, but with an initial frequency error of Δf 0 /Δf C = 0.5 and an excessive scan amplitude. Initially, the pulse centres do not coincide with the zero-crossings of the drive. In Fig. 6(c) , the frequency error has been eliminated and the pulse width reduced. Comparison of the effect of the parameters α and β with theory is shown in Fig. 3 . In each case, controller functions as expected. 
Conclusion
Intermittent feedback in a single-axis resonant fiber scanner has been demonstrated, based on an apertured mirror in front of the imaging lens. Reflection at the scan extremities generates timing signals interlaced with back-scattered data, and a phase locked loop and a proportional controller are used to set the frequency and amplitude. Convergence and stability have been examined theoretically, and verification obtained using a piezoelectrically actuated confocal scanner. The approach is simple to implement, but requires the fiber to over-scan the lens.
